
MA'I'HEMA'I'ICS OF COMPUTATION 
Voltime 69, Nuimber 231, Pages 929 963 
S 0025-5718(99)01172-2 
Article electronically published orn Auiguist 24, 1999 

ANALYSIS OF LEAST-SQUARES MIXED FINITE ELEMENT 
METHODS FOR NONLINEAR NONSTATIONARY 

CONVECTION-DIFFUSION PROBLEMS 

DAN-PING YANG 

ABSTIRACT. Some least-squares mixed finite element methods for convection- 
diffusion problems, steady or nonstationary, are formulated, and convergence 
of these schemes is analyzed. The main results are that a new optimal a priori 
L2 error estimate of a least-squares mixed finite element method for a steady 
convection-diffusion problem is developed and that four fully-discrete least- 
squares mixed finite element schemes for an initial-boundary value problem of 
a nonlinear nonstationary convection-diffusion equation are formulated. Also, 
some systematic theories on convergence of these schemes are established. 

1. INTRODUCTION 

The purpose of this paper is to analyze the fully-discrete least-squares mixed 
finite element methods for a nonlinear nonstationary convection-diffusion problem 
written as a first-order system. Recently, there has been an increasing interest in 
applications of least-squares finite element algorithms to various problems, steady 
or evolutionary. Many papers have been writt'en on applications and theories of 
least-squares finite element methods for various elliptic boundary value problems, 
e.g., see [2, 3, 7, 8, 10, 11, 12, 13, 14, 18, 19, 20, 21, 25, 26]. In recent years, 
least-squares finite element methods have been extended to many nonstationary 
problems, e.g., see [9, 14, 15, 16, 24, 28]. However, compared with least-squares 
finite element methods for stationary elliptic problems, the corresponding theory 
for time-dependent problems is much less developed. Some convergence analysis 
for first order hyperbolic systems and for some semi-discrete methods for a linear 
convection-diffusion problem and a hyperbolic system were discussed in [9, 15, 16] 
and the references cited therein. 

In this paper, we will develop the algorithms and theory of the least-squares 
mixed finite element methods for elliptic problems proposed in [7, 8, 25, 26] to a 
nonlinear nonstationary convection-diffusion problem. Let Q be an open bounded 
domain in Rd, d = 1,2,3, with a Lipschitz continuous boundary r. As a model 
problem, we consider the following initial-boundary value problem for a nonlinear 
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convection-diffusion equation: 

(a) c(u)&< -div(A(u)Vu + b(u)u) =f(u) in Q, O < t < T, 

(1.1) (b) u = O on FD, (A(u)Vu + b(u)u) vi = O on FN, O < t < T, 

(c) u = uo in Q, t = O, 

where V is the gradient operator and div the divergence operator. b(u) = 

(b1 (u), *-. , bd(u))T is a vector-valued function, the coefficient c(u) a strictly posi- 
tive function and the coefficient matrix A(u) = (aij(u))dXd a symmetric uniformly 
positive definite matrix, i.e., there exist positive constants a* and c* such that 

d d 

(1.2) a*Z :< Z aij(v)(ijj, c* < c(v), V E R Rd, v E R1, 
i=1 i,j=1 

IF = D U EN and v is the unit vector normal to FN. In general, the coefficients 
c(u), f(u), b(u) and A(u) are also dependent upon the time variable t and space 
variable x. For convenience and without loss of generality, we assume that the 
coefficients depend only on the unknown u. 

The nonlinear convection-diffusion problem (1.1) may be rewritten as a first- 
order system of the form 

(a) c(u) 
au 

+diva f (u) in Q, O < t < T, 

(1.3) (b) u+A(u)Vu+b(u)u = O in Q, O < t < T, 

(c) u=O on FD, c.-l= O on FN, O<t<T, 

(d) u=uo in Q, t=O. 

By using the difference quotient to replace the partial derivative with respect to 
time in (1.3(a)), one can discretize the nonlinear first-order parabolic system (1.3) 
into a system of first-order elliptic equations and then solve them layer by layer 
through use of various least-squares finite element methods. For elliptic problems, 
various weighted L2-norms may be used to formulate least-squares finite element 
schemes. However, it is well-known that convergence of any approximate scheme 
for evolutionary problems is also based on their stability in the time direction in 
the sense of some norms. For the standard finite element methods and the classical 
mixed element methods, the conservative properties of the original problems are 
kept naturally so that they are stable and convergent, but this is not true for least- 
squares finite element schemes based on general weighted L2 norms. Therefore, it 
is very important to choose a suitable weighted L2-norm to formulate least-squares 
mixed finite element schemes for time-dependent problems. 

The paper is organized in the following way. In Section 2, we give a new result 
on the optimal L2-convergence of a least-squares finite element method without 
introducing the curl operator for a linear elliptic problem. In [7, 8, 25, 26], the 
ellipticity and the optimal error estimates in H(div; Q) x H1 (Q) have been proved, 
but the optimal L2-norm error estimate was not-given. We formulate a modified 
scheme in the sense of a weighted L2-norm and prove that this scheme has opti- 
mal accuracy in L2-norm if the classical mixed elements are used. Then we will 
formulate four fully-discrete least-squares mixed finite element schemes for the non- 
linear first-order system (1.3) in Section 3, and establish the systematic theories on 
convergence of these schemes in Section 4. 



LEAST-SQUARES METHODS FOR CONVECTION-DIFFUSION PROBLEMS 931 

2. A NEW RESULT ON LEAST-SQUARES FINITE ELEMENT METHOD 

FOR LINEAR SECOND ORDER ELLIPTIC PROBLEM 

Throughout the paper, we introduce usual Sobolev spaces Wk,P(Q) (k > 0, 1 < 
p < ox) defined on Q with usual norms 1H - 

|jWk,p(q) as in [1]. Let Hk(Q) = Wk2(Q) 
and define the standard inner products as follows: 

d 

(u, v) u(x)v(x)dx, V u, v e L2(Q); (a, w) = Z(oi, wi), V a, w E (L2(Q))d 
Q ~~~~~~~~~~~~~~i= 1 

In this section, we study a least-squares mixed finite element method for solving 
a linear steady convection-diffusion problem of the form 

(2.1) (a) - div(AVu + bu) = g in Q, 
(b) u = 0 on PD, (AVu + bu) * z = 0 on FN, 

where b = (bi (x), * * *, bd (x))' is a given vector-valued function and A = (aij (X))dxd 
is a symmetric positive definite matrix function satisfying (1.2). 

Carey, Pehlivanov, Vassilevski and Lazarov in [8, 25, 26] and Cai, Lazarov, Man- 
teuffel and McCormick in [7] studied least-squares mixed finite element methods 
for the first-order system of the form 

(a) div ?+bTA-1?+cu=g inQ, 

(2.2) (b) a+AVu = 0 in Q, 

(c) u = 0 on PD, a i= O on PN. 

Under some restrictions on the coefficients of (2.2), the systematic theories on 
positive definiteness and convergence of some least-squares mixed finite element 
schemes in H(div; Q) x H1 (Q) were established in [8, 25, 26], and then a new 
theory was given in [7] under a very general condition. We consider a first-order 
system of the form 

(a) div a = g in Q, 

(2.3) (b) a+AVu+bu = 0 in Q, 

(c) u=0 on IPD, IT.V=O onPN. 

Introduce the spaces H = {w E (L2(Q))d; div w E L2(Q), W. V = 0 on FN} 
and S {v E H1(Q);fQv dx = 0} if ID is an empty subset and b - v = 0 on 
F, or S = {v E H1(Q);v = 0 on ID}. Let Tha and Thu be two families of 
finite element partitions of the domain Q, where h, and hu are mesh parameters, 
generally denoting the largest diameter of elements in the partitions Tha and Thu, 

respectively. In practical applications, the partitions Tha and Thu may or may 
not be the same. Here, we want to emphasize their independence in calculation 
and convergence analysis. Construct the finite element function spaces Hha C H 
defined on Th, and Shu C S defined on Thu. 

A least-squares approach is based on a minimization problem for a suitably 
defined quadratic functional involving residuals of the differential equations in the 
sense of some norms. Let a be any strictly positive function and D be any symmetric 
positive definite matrix function. Introduce the weighted inner products (a *, * ) 
in L2(Q) and (VD *, * ) in (L2(Q))d with the corresponding weighted norms jjvjjl, = 

(av, v) and 11 w ||D = , respectively. A general least-squares mixed 
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finite element scheme for the first-order system (2.3) is based on the following 
minimization problem. 

Least-squares minimization problem. Seek ((h, Uh) E Hha X Shu such that 

[ divuh-g9 ,+ gi Uh+ AVUh+ buh ID ]2 

(2.4) = min [j| diVw) -g jj+ || Uh+ AVVh + bVh 'D ] 
(WI,,Vh)CHIa XSh'u 

Introduce a bilinear form 

(2.5) a((Q, w), (w, v)) = (adivQ, diyw) + (D(Q + AVw + bw), w + AVv + bv). 

The minimization problem (2.4) is equivalent to the following least-squares mixed 
finite element scheme. 

Least-squares mixed finite element scheme A. Seek (ah, Uh) E Hha X Shu 
such that 

(2.6) a((xh, Uh), (wh, Vh)) = (ag, divWh), V (h, Vhh) E Hha X Shu - 

In the simplest case, a = 1 and D = I. The least-squares mixed finite element 
scheme (2.6) has been studied, and the following results were given in [7]. 

Lemma 2.1 ([7]). The bilinear form a( * , ) is such that there exist positive 
constants K1, K2 and f3, dependent only on the weighted functions a and 1D, such 
that for any (Q,w), (w,v) E H x S 

(a) a((Q, w), (w, v)) < K1 [ IVW11L2(Q)) + 1IQ1H(dV;Q) ] 2 

(2.7) [ |IVVII(L2( + IIq I d H(div;Q) ] 

(b) a((w, v), (w, v)) > I3[1VVIL2(Q))d + 1112IH(diV;Q)L 

Let (CJ,u) and (Uh,Uh) be the solutions of (2.3) and (2.6), respectively. Then we 
have the a priori estimate 

|U- Uh|II1(Q) + 11U- 2ih11II(div;Q) 
(2.8) ?K2{ inf JIU-VhllHHl(Q) + inf Ila 

- 
)h11H(div;Q)}. 

VhEShu Wh cHh 
h 

Assume that there exist integers k1 > k > 0 and m > 1 and a constant K3, 
independent of h, and hu, such that the finite element spaces Hha and Shu have 
the following approximation properties (see [4, 5, 6, 17, 22, 23]): for any w E 
(Hk+l (Q))d nH and v E Hm+?1 (Q) n S, 

(a) inf II - h11(L2(Q))d < K13h k+1I(Hk?1(Q))d 
Whc Hh, -o1 

(2.9) (b) inf Ildiv(w - Uh)|L2(Q) < K3hA' ki 
(Hkl+l(q))d 

Whc Hh, 
1UI( 

(c) inf {1V - VhIIL2(Q) + hu|V(v - Vh)jj(L2(Q2))d} < K3h7 +1 vHH1L+1(Q), 
Vh cShu 

where k1 = k + 1 when Hha is one of the Raviart-Thomas elements in [23] or the 
Nedelec elements in [22], and k1 = k > 1 when Hha is one of the other classical 
mixed elements in [4, 5, 6] or the C0-elements in [17]. Then (2.8) and (2.9) lead to 
the a priori error estimate 

(2.10) U|- Uh || H 
H (Q) + || - h || 

HI(div;Q) 

< K4{h1U11|UHHm?+1(5) + hA' ki (Hk1?1(Q))d}. 
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The estimate (2.10) is optimal in H(div; Q) x H1 (Q), but not in (L2 (Q))d x L2 (Q). 
For general spaces Hha constructed by C0-elements, approximate solutions with 
optimal accuracy in the L2-norm cannot be obtained from the general scheme (2.6). 
This fact has been indicated in [7, 8, 21, 25, 26]. In order to obtain approximate 
solutions with optimal accuracy in the L2-norm in the cases of general spaces Hha, 
such as Co elements, many authors have proposed various modified schemes, e.g., 
see [2, 3, 8, 10, 11, 12, 13, 18, 19, 20, 21, 25, 26], in which some consistent curl 
equations are introduced to change the original problems into first-order systems 
with H1-ellipticity so that C0-elements can be used to obtain approximate solutions 
with optimal accuracy in the L2-norm. 

We hope to obtain optimal approximate solutions from least-squares mixed fi- 
nite element schemes with the simplest forms without introducing any additional 
equation. Introduce a bilinear form 

b((Q, w), (w, v)) = (adivQ, divw) + (XA(Q + AVw + bw), w + AVv + bv), 

where A = A-1, and define a least-squares mixed finite element scheme. 
Least-squares mixed finite element scheme B. Seek (0h, Uh) E Hha X Shu 

such that 

(2.11) b((ah,uh),(wh,Vh)) = (ag,divWh), V (?h,Vh) E Hha X Shu 

Our main result in this section is that the approximate solution defined by (2.11) 
has optimal accuracy in the L2-norm if the finite element space Hha is one of the 
classical mixed element spaces in [4, 5, 6, 22, 23]. 

Theorem 2.1. Suppose that the finite element space Hha is one of the classical 
mixed elements, such as Raviart-Thomas elemeats in [23], Nedelec elements in 
[22], Brezzi-Douglas-Duran-Fortin elements in [4], Brezzi-Douglas-Fortin-Marini 
elements in [5] and Brezzi-Douglas-Marini elements in [6] with index k. Let (a, u) 
and (ah, Uh) be the solutions of (2.3) and (2.11), respectively. Then an optimal 
error estimate holds: 

(2.12) ||u- UhIIL2(Q) 
+ Ila- hI(L2(Q))d 

? K5{hm7l + UIJHm?1+1(q) + h,+1 II f|I(Hk+1 (q))d}. 

The proof of Theorem 2.1 is completed by using the following two lemmas. 

Lemma 2.2. Let (a, u) and (ah, Uh) be the solutions of problem (2.3) and the 
least-squares mixed finite element equation (2.11), respectively. Then an a priori 
estimate holds: 

IU- UhlIL2(q) + Ila - 
hll(L2(q))d 

(2.13) < +1 
H' K6{ hU |UHHm?(Q) + inf [ HIl- hll(L2(Q))d 

+ sup (adiv(-Wh) ,diVEh) ] } 
Eh 
+ 

Hhs IldivEhlIL2(Q) 

Proof. Introduce a bounded linear operator Pi: S Shu such that 

(2.14) (AV(Piu- u), VVh) + (b(Piu- u), Vvh) + (V(Plu - u), bvh) 

+ A(Plu-U, Vh) = 0, V Vh E Shu, 

where A is a positive constant such that the bilinear form on the left-hand side of 
(2.14) is coercive in H1 (Q). It is easily seen that the operator Pi is a standard finite 



934 D. P. YANG 

element projection of an elliptic problem so as to satisfy a standard error estimate 
(see [17]): 

(2.15) ||u - P1UIIL2(Q) + hullV(u - P1u)II(L2(q))d < K7hm+1IIuIIH"L+1(Q). 

(2.3) and (2.11) result in the error equation 

(2.16) b((-cxh, U-Uh), (wh, Vh)) = V V (Ih, Vh) E Hha X Sh,. 

It follows from the error equation (2.16) that 

b((Wh - gLh, PlU - Uh),(Wh - gLh, PlU - Uh)) 

= b((w)h - u, PlU U- ), (U)h - ah, PlU - Uh)) 

= (A(Wh - a -h 91h + AV(Piu - Uh) + b(Piu - Uh)) 
(2.17) 

+ (Ab(Piu - U),Wh - 91h + b(Plu - Uh)) 

+ (adiv(wh - a), div(Wh -h)) - A(Plu - U, Plu - Uh) 

+ (V(PlU - U),W)h - Ph) 

Performing integration by part in the last term on the right-hand side of (2.17) and 

using the boundary value condition, we obtain an estimate from (2.17): 

/3[ jlPlU - Uh H 1(Q) + II|h 
- 

h IH(div;Q) I 

< b((w)h - :h, PlU - Uh), (Jh - Ph, PlU Uh)) 

(2.18) ? K8{Lju-P1uI2(Q) 
+ 

Ila 
-'h (L2(Q))d 

?[I sup (adiv( - Wh), divEh) ]2 
EI,EHIha lldivE~IIL2(Q) 

+ 6[ lPlu 
- Uh IH (Q) + IlIh - h H(div;Q)]b 

for each Wh E Hha and 0 < 6 < 1. (2.18) and (2.15) imply (2.13). 

Lemma 2.3. Assume that the finite element space Hha is one of the classical mixed 

elements with index k in [4, 5, 6, 22, 23]. Then an approximate property holds: 

inf [I I )h||(L2(Q))d + sup (adiv(aj- Wh),divEh) 
(2.19) ihcHh, E-hGHh, JJdivEh11L2(Q) 

< K9h k+1 w(Hk?1+(Q))d) V E E Hkl+l(Q))d H. 

Proof. It is well-known that in the classical mixed element spaces defined in [4, 5, 

6, 22, 23], there exists an operator Ilh from H onto Hha such that 

(2.20) (div(JIlhW - w), div )h) = 0, V WIh E Hh, w E H, 

and 

(2.21) or.1III(a) 
-h(L2(Q))d < 1?1hj+ I|III(Hk+1(Q))d, 

(b) Ildiv( - lhU) II L2(Q) < Kloha' kI2 i|(Hk1?1(Q))d, 

for any w) E (Hkl+1(Q))d nH. 
If the finite element space Hha is one of the Raviart-Thomas elements in [23] or 

the Nedelec elements in [22] with index k1 = k + 1, (2.21) leads to (2.19). If the 
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finite element space Hha is one of the other classical mixed elements in [4, 5, 6] 
with index k1 = k, we see from (2.20) that 

(adiv(w - IlhW), diveh) 

(2.22) < Ildiv(w) - I1h92))L2(Q) inf IladiVeh 
- 

WhJJL2(2), 
Ph Gdiv(Hh,) 

where div(Hh,) = QWh = divWh; 9h E Hh }. It is also clear that the space 
div(Hh,) is a piecewise polynomial function space of degree ki - 1 > 0. Let ah 

be a piecewise linear interpolating function of a on Th,. From the approximation 
(2.9) and the inverse property of the space Hha we know that 

inf IlahdiVEh - PhH|L2(Q) 
Ph GdiV(HhO) 

2 

(2.23) < K i1ha' L1 12hdiV?hHHkl(T)1 
7T G I h o 

? K12hajjW1,_(Q)jjdivEh IL2(Q). 

Hence 

(2.24) (adiv() - 
lhU)),diVfh) 

(2.24) ~ ~~~~ or IIK h11|a|W o()l(Hkl +1 ())d Jjdiv_fhjjL2(Q). 

(2.21) and (2.24) imply (2.19). 

For a usual space Hha constructed by a C0-element, the approximation (2.21) 
and (2.24) cannot be ensured, so the optimal L2-norm error estimate (2.12), gen- 
erally say, does not hold. Theorem 2.1 shows that a suitable choice of the weighted 
function a and the matrix D will improve the accuracy of the approximate solution. 
In the next sections, we will see that a suitable choice of the weighted function a 
and the matrix D is more important for time-dependent problems to have stability 
in the time direction. 

3. FULLY-DISCRETE SCHEMES FOR A NONLINEAR NONSTATIONARY PROBLEM 

In this section, we formulate four fully-discrete least-squares mixed finite element 
schemes to solve the nonlinear first-order system (1.3). Let the function spaces H be 
defined as in Section 2, S = {v E H1 (Q); v = 0 on lD}, and let Hha X Sh, C H x S 
be a family of finite element spaces defined on a family of partitions Tha x The. 

Denote by A the inverse matrix of A. Make a time partition: 0 = to < ... < 
t, < .. < tN=T. Set Tn = tn- tn, and r = max Tr as time step size. Let 

1<n<N 

u (x) = u(x, tn) and atun = n - n-1 

By using the backward difference technique with first-order accuracy to discretize 
the nonlinear first-order system (1.3), we can rewrite (1.3) as 

(a) u = uo in Q, 

(b) C(Un-1)6tUn + divan = f(Un-1) + Rn in Q, 

(c) an + A(un-1 )Vun + b(un-1)un = F?n in Q, 

(d) u = 0 on IFD, 0n *v=O on FN, 



936 D. P. YANG 

where 

(a) R' = c(u-1)6tUn- C(un)un + f(un) _ f(Un-1) 

(3.2) (b) F n (A(un-1) - A(un))Vun + (b(un-1)_b(Un))Un, 

for n = 1, 2, ... , N. 
Define a weighted bilinear form 

An (Z; (9 W) (W, V)) 

c(z) (c(z)w + Tndiv Q), c(z)v + Tndiv w) 

+ Tn(A(Z)(Q + A(z)Vw + b(z)w), w + A(z)Vv + b(z)v). 

Omitting the terms R n and Fn in (3.1) and then applying the least-squares mini- 
mum principle to (3.1) at each time step, we can define a system of least-squares 
mixed finite element schemes to solve the system (3.1) step by step. 

Scheme 1. Give an initial approximation uo E Sh,: 
Seek (p, unn) e Hh, x Shu such that for each (Wh, Vh) e Hh, X Shu 

An (Un-1; (ahn, Uhn), (Wh, Vh) ) 

(3 .3) (u1 (C(un-1 )un-1 + Tnf (Un-l))vc(uj )Vh + TCdiV (h) 

for nr=1,2,*.- , N. 

From Lemma 2.1 we know that the bilinear form An(z; *, ) is continuous and 
positive definite in H x S. From the Lax-Milgram theorem, we derive an existence 
theorem. 

Theorem 3.1. Scheme 1 has a unique solution at each time step. 

In order to formulate least-squares mixed finite element schemes with second- 
order accuracy in T, we must approximate the value of functions at the midpoint of 
the time interval with second-order accuracy by the mean value or Taylor expansion 
formula. Let U K2 = (UT + un-)/2 U - (an + Cjn)/2 and 

(a) it ?u + () (f (u) - diva?), 

(3.4) (b n~- u1 - +Tn6tUn- 1, Vr>2 (b) Un-2 = Un-1 + Vntn- n > 2. 
2 

By using the Crank-Nicolson difference technique with second-order accuracy to 
discretize the nonlinear first-order system (1.3), we can rewrite (1.3) as 

(a) u0 = uo, a? = -(A(uo)Vuo +b(uo)uo), in Q, 

(b) c(in-2)&tu' + divan- 2 f (i2) + R2 in Q, 

(c) c +A(in- )VAUi2 + b(iu2)U =2 F2 in Q, 
(d) un = 0 on FD, an v = 0 on FN, 
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where 0-2 is defined by (3.4) and 

(a) R2 = C(fp- 
- 

)atUn C(Un- 
- 

)Ut- 2 + f (Un- f )- L 2un 

(3 .6) ~~~~+ div(<Jn 2 _an 2) 

(b) Fn = C- 2 -a 2 +?A( )V I -A(u 2 )Vu- 2 

+ (fn- )n- 2 -(Un- )n- 
1 

for n = 1, 2, 3, ... , N. 
We define another weighted bilinear form: 

Dn (z; (e0, W) (WX V) ) 

= ( (C(Z)W + -n div o), c(z)v + -n div w) 
c(z) 2 2 

+ 2 (A(z)(Q + A(z)Vw + b(z)w), w + A(z)Vv + b(z)v). 2 
Omitting the terms Rn and Fn in (3.5) and then applying the least-squares mini- 
mum principle to (3.5) at each time step, we can define a system of least-squares 
mixed finite element schemes to solve the system (3.5) step by step. 

Scheme 2. Give an initial approximation (oj'., uo) e Hh, X Shu- 
Seek (an,un) e Hh, x Shu such that for each (Wh,Vh) e Hh, x Shu 

Dn (fh 2;(hn Uh (Wh, Vh)) 

( ,l(C(fh2) h 1 n 
I Tn 

n 
= 1 1 

(c(L )u~j -'divun-1 
cI h 2)2 

(3.7) +?Tn f (Uh 2$)),C(i1fh )Vh + 2 div Wh) 
2 - 

+ b(U 2 )h Xh+4( 2 )Vh+(h2 )Vh), 

where i4 2 is defined similarly to (3.4) for n = 1, 2, 3, , N. 

Similarly to An(z; * , . ), the bilinear form Dn(z; , ) is also continuous and 
positive definite in H x S. 

Theorem 3.2. Scheme 2 has a unique solution at each time step. 

The convergence analysis in the next section shows that Schemes 1 and 2 yield 
the approximate solutions with accuracy optimal in H(div; Q) x H1 (Q) but not in 
(L2(Q))d x L2(Q). We consider another first-order mixed system equivalent to the 
nonlinear convection-diffusion problem (1.3) as follows: 

(a) c(u) -? +divo>==f(u) inQ, O<t<T, at 

(3.8) (b) - (A4(u)(a + b(u)u)) + V 
au 

= 0 in Q, 0 < t < T, 

(c) u=O onFD, .-v=dO on FN, O<t<T, 

(d) u=u0 inQ, t=0. 
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By using the backward difference technique with first-order accuracy to discretize 
the nonlinear first-order system (3.8), we can define a new least-squares mixed finite 
element scheme. 

Scheme 3. Give an initial approximation (uo, uo) e Hha x Sh. 
Seek (agn, u,) e Hha x Sh such that for each (Wh, Vh) e Hha X Shu 

A. (0; (Oh, Uh), (Wh Vh)) 

= ( (cn) (i4uh)u n1 + Tn f (Oh)), C(fUh)Vh + TrndiV !Wh) 

A 
-n(' n _1)(,n-1 +A A(Un-1)VUhn-1 + b (Un- n-1 

)h + A(i4n)vVh + b(ii4n)Vh), 

for n = 1, 2, , N, where ihn is given by 

(3.10) Uh = Uh + TntU Un n>2, 

or 
fL n = Un-1 rn ((u-1) divon 1), n>1. 

(3.11) U~h=Uh + C(Un-1) 
fUh d h n>1 

Theorem 3.3. Scheme 3 has a unique solution at each time step. 

Define another weighted bilinear form 

Bn (Zl z2; (0,w), (W,v)) 

= ( 1 ) (c(z1 )w + mn div e), c(zl)v + 2n div w) 
c(1) 

ZO 
_ -, 

+ TnG(A(Z2)(Q + A(z2)Vw + b(z2)w), + A(z2)Vv + b(Z2)V). 

We can also define another scheme with second-order accuracy in r. 

Scheme 4. Give an initial approximation (go, uo) e Hha X Shu. 
Seek (agn, uhn) e Hha X Shu such that for each (Wh, Vh) e Hha X Shu 

=n 1in; (()n- Un) fl-1 - Th)n 

(3.12) + Ti f (U h2 ))C(uh 2)Vh + 2div Wh) 

+ T2(A(Uh 1)(n2 1 + A(urnd)Vun-1 

+ b(uh )u1h )uh + A( -)Vvh + k(zn)vh) 

for n = 1, 2, 3, . N, where ih 2 is given by (3.4) and U4 = i4 by (3.10) or 
(3.11), and'i4h by 

Uh =Uh + C(uj 1) 2 
(3.13) 

rnf 
1 

h( u1) (f(u j )V- divaWh) ], n >2. 

Theorem 3.4. Scheme 4 has a unique solution at each time step. 
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In Schemes 1-4, we choose different weighted L2 inner products to formulate 
least-squares mixed finite element schemes at different time steps. In the next 
section, we shall see that the approximate solutions determined by Schemes 1-4 
keep the stability in the sense of weighted L2-norms, and prove that Schemes 1- 
4 yield approximate solutions with accuracy optimal in H(div; Q) x H1 (Q) when 
the finite element space Hha is any subspace of H(div; Q), and that Schemes 3-4 
yield approximate solutions with accuracy optimal in (L2(Q))d x L2(Q) if the finite 
element space Hha is one of the classical mixed elements with index k1 = k + 1, 
such as the Raviart-Thomas elements in [23] and the Nedelec elements in [22]. 

4. CONVERGENCE ANALYSIS 

In this section, we assume that the solution (C, u) of the nonlinear first-order 
system (1.3) is smooth, that there exists a constant K* such that 0 < r < 
K* minI<n<N Tn, i.e., the time partition is quasi-regular, that the finite element 
spaces Hha and Sh, have the approximate property (2.9), and that the initial ap- 
proximation satisfies 

(a) luo - uhIIL2(2) ? Kl4h 1IIU011H m+l(52), 

(b) IICO - dhll(L2(52))d < K15h'+' ||<UHI(Hk+1(52))d. 

We also suppose that the coefficients c(v), f(v), bi(v) (1 < i < d) and aij(v) 
(1 < i, j < d) have continuous derivatives of first and second order. 

Theorem 4.1. Let (T', u') and (a', u') be the solutions of (1.3) and Scheme 1, 
respectively. Suppose that the mesh parameters hu, ha and r satisfy the following 
relations: 

(a) ho1 =o( ha), ford=1, 

(b) T = o(h 21), K*h2-62 < T (m = 1), 

(4.2) hk+1 = o(max(Nfr_h61, hu)), for d = 2, 

(c) T = o(hl+261), K*h& 5-62 < T (m 1) 

hk+1 = o(max(v/rh0 5+61, h'5)), for d = 3, 

where 0 < 61 < 62 << 0.25 and K* is a positive constant. Then we have the a 
priori error estimate 

O<n<N 
Ut Uh ~L(2)+ 

Z T7h 
-h PhL2(~2))d 

(4.3) O<n<N 

< K16{min(h m, h2(m+l)/T) + h2(k+1) + 2} 

where the constant K16 depends only on T and some norms of the solution u. 

Proof. It is clear that the solution (0n, Un) of the system (1.3) and the solution 
(a n, un) of Scheme 1 satisfy an error equation 

A (u1; ( h7 - o,un - un) (,Vh)) 

(( (C(Un- 1) (un-1 _- uVn-1) + rnln )v c(Unj- )Vh + rndivWh) 

+n( h(uh )F1, Wh + hA(U )VVh + b h )Vh) 
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for each (Wh,Vh) c Hha X Sh., where 

(a) R~=n (C(un-1) - c(un-1))tun + f(Un-1) - f(u71) + Rn, 

(4.5) (b) Fn ( nA(u)-1 A(un-1))Vun + (b(U-1) - b(Un-1))un+ n 

for n = 1, 2, ... , N. Introduce an operator Qi from S to Shu such that 

46) (A(u)V(Qlv - v), Vvh) + (b(u)(QiV - v), Vvh) + (V(Qlv - v), b(u)Vh) 
+A(Qlv-v,vh) =0, Vv E S, Vh E Shu, 

where A is a positive constant such that the bilinear form on the left-hand side of 
(4.6) is coercive in H1(Q). The operator Qi is a standard elliptic projection and 
satisfies a standard error estimate (see [17, 27]): 

(a) |U(t) - Q1U(t) HL2(Q2) < K17hj+1 Iu(t) IHm+1(Q2), 

(b) HlUt(t) - (Q1u)t (t) L2(Q2) 

< K17hm7[ IIU(t)IHm+1(2) + IIUt(t)IHm+1(Q2) ], 
(C) IIV(U(t) - (Q1U)(t))ALx(Q2) < Kl&(u) < oc, 

for any 0 < t < T. From the approximate property (2.9) we know that there exists 
a vector-valued function eh E Hh, such that for any 0 < t < T 

(a) Ilo(t) - oh(t)|I(L2(52))d < K19h+ 1II'(t)0II(Hk+l(52))d, 

(b) Ildiv(q(t) - <h(t))|L2(2) ? i9 hk l' l(t)H(Hkl1+1(2))d. 

Let on = (QU)n - Un, pn = -n (Q,u)n, ir = -n a and &n = Cn - Qn We 
have to estimate oTn and 7rn. Fom (4.4) we see that (7rn, 9n) satisfies the following 
error equation: 

AnT(u 1; (7Tn, on), (Wh, Vh)) 
1 

(49 c(U n1) (c(u n)(O - ThtP -Th(divT -R h)), C(U77 )Vh 

+ TThdivah) - TnT(A(un-l)( n + A(unj1)Vpn + b(Unl)pn 

-F1 ), )h + A(u71)Vvh + b(U1 )Vh), 

for each (Wh, Vh) e Hh, X Shu. Take (Wh, Vh) = (7rn, oTn) in (4.9). Since 

AnT(z; (W, v), (W, v)) 

= (c(z)v, V) + Tn[ (A (z)Vv, Vv) + (,A(z)b(z)v, b(z)v) 

+ (A4(z)w, T) ] + c(z) divw, divw) 

+ 2Trn[ (w, Vv) + (divw, v) + (A(z)w + Vv, b(z)v)], 

and 

(w, Vv) + (divw, v) = 0, V (w, v) e H x S, 
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it follows that 

A. (u'n1 (ZE, o^n), (7r'n 0n)) 

= (C(uhj1 )Qn, 0 ) + Tn[ (A(Unj1)Von, Vonh) 

(4.10) + (Ah(uj h)i?(uhj1)O9 b(unj )h}) 

+ (A(uh )wr,ZE ) ] +T-( 1 divir divirt) h + 
-rnc(C(un-1) 

+ 2-rn (.A(uhn-1 )7rmn + Von ,b(un-1)On). 

FRom (4.9) and (4.10), we get the equality 

(C(Un-1)on, on) + Tn[ (A(un1 )VO n, Von) + (Z(Un 1)7rn,r n) 

+ (.Z(Un 1b(Un)0n , b(Un )?n) ] + _rnT2( div7rn, div7rn) h h - h ~~~~C(Un-1) 

= (C(Uhn1)on1, on) +Trn(on-1 ,diV7rn) 

- 2r('A(un-1 ),7rn + Von (un-1)on) 

- ( c(un_ ) (c(un 1)0tpn - Rfn), c(un-1 )Qn + T ndi 

(4.11) 1 
2.1 - 1n ( dive ,divi7rn) -rn(A(Un- 1)En7rn + b(un-j)on) 

n.~(CUn-i) h- 

- (VpTn Tn) (A(Un-1)b(un-1)pn, n + (Un 1)On) 

+ T-n (A(Uh ) F 1 rn + h(uhj1)VOn ? b (uh!1)O ) 

Tn[ ((A(un) - A(unj1))Vpn, Von) 

? (Vp n, (b(Un) - b(un-1))on) 

+ ((b(un) - b(Un-1))pn, Von) + A (pn on)] 

Estimate the terms in (4.11). We make an inductive hypothesis that for any 
n > 1 we have the uniform estimate 

(4.12) hhimo 1j ||L??(Q) =O, V O < j n -1. 

It is clear that 

(((C(Un -1) -C(Un-2 ))n-1 n-1 

=-| (C.(Sun1 + (1 -_S)un-2)(Qn-1 _ on-2 

+ pn-1 _ pn-2 - un-1 + un-2)0n-1, n-1 )ds. 

Let Cn-l E Sh. be such that 

(C(Un)Cn1,Vh) = (C'(SUn1 + (1 -S)U-2)(on-1)2,Vh) V E S 

Then 

(C (SUhn1 + (1 S)Un-2)(0n-1 _ Qn-2)Qn-1, Qn-1 

- (C(U<n 1) (on-1 - on-2 ) n n-1) ) 
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From the error equation (4.9) we see that 

(C(Uj 1i) (on-1 _ 9n-2), (n- 1) 

= (c(u7n2)(pn-2 - pn-1) + T Rnin-1, n-1) 

(4.13) - -i (A(un-2) )(A(un-2)V(On-1 + pn-1) + b(Un )(n 

n+ P ) 
-n-1 )4(Un-2)V(n-1 + b(Un-2 n-1) 

- Tn (U(Un 2)(7[n-l +n-1), b(un-2)(n-1). 

It is also clear that ?,n-1 is a weighted L2-projection of the function 

c'(Sun1 + ( -S)Un-2) (On-1)2/C(un-1). 

Hence 

1?n-112() < K201lon-1l2t)lS IL?S) 

and 

V n1 II(L2(52))d < K21I<IV[C'(SUnj1 + (S)Un-2)1( n-1)21C(Un-1)] 

< K22[ 1 + 110 n1 I L? (52)] |0 n-1 I L? (52) ||0n-1 H1 

On the other hand, we have 

I (A(uhn2)Vpn-, V(n- 1) + (b(un-2)pn-,1 Vn-1 

+ (Vpn-1 b(Un-2)n-1)I 

= I((A(un-2) - A(Un-1))Vpn-1, Vn-1) 

+ ((b(un-2) b(un- 1 ))pn- 1 Vn- 1) 

+ (VP n-, (b(Un-2) - b(Un-1)) n) - A( n-l. cn-1)I 

< K23{ lon-212 (2) + llPn 112 L2(Q) + llPn 2112) 

+ T-11l P Vpni (L2(Q))d} + 11 ( 

Substituting the above estimates into (4.13), we have 

I (C(Uhn 1) (n- 1 _ on-2), Cn- 1) 

? K2ti{Tn.2[ 1lOnIL2(L2) + IP IIL2(2) 

(4.14) + Tn-i [ |tpn1 11L2(52) + Tn_1 1|Vpn 11(L2(2))d 

+ IIn-111 
+ L2()) n-1d + 2 (2) + 11pn-1 12 

H (L (L2))d ] d 

so that for sufficiently small hu, ho and r we have 

I((C(Un2) _ C(Uhn 1))n- 1, n-1)I 

< K25{Tn-2[ IOn21 2(Q2) + Ilp!, I2112 

(4.15) + Tn-i [ l pni1 L2(52) + Tn%1 |VPn1 (L2(52))d 
+~~~~IL(2 11 n-l2Vpn|1 IIL(2 II1 (L2 (Q))d 

+ b;7niH(L2(Q))d + 1H 11 1L2(Q2) + II-- (LQ 2 ] ] 

+ 6Tn-i 9n-1 2 + 117Tn 
1 

1 
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It is easily seen that 

(c(un-h) (n - onl),On) 

- [(c(un l)On,On) _ (c(un-2)On-1 n- 

+ (c(uhn 1)(on - on-n1), on - on-i) 

+ ((c(uhn2) - c(un- 1))on-O1 , n-i1)] 

and 

Tn (Oni1 diV7rn) 

< Tn[ (VOn7rn)I + I(on - on - div7rn) ] 

<7-[ (A(uni)Von, Von) + (A(Un 1) 7n, 7n)] 

+ 3(c(uV1 l)(On n _ 0n-1) ,n _ n-1) 

3i-.2 1 
+3n ( divKn, divirn), 

4 c(u n) - 

and 

j(Vp , 7r n) < min(|pn II2( 2)||div7rn11L2(Q2), IIVPn( 117 ll(L2(52))d). 

Substituting these estimates and (4.15) into (4.11), we derive that 

(C(Un 1)on, on) + (C(Un- 1) (on - on-1), on - on- ) 

+ Tn[ (A(Unjl)Von, Von) + 2 (A(un-l)b(un-l ) On b(un-i)On) 

+ (A (Un 1) 7rn, 7rn) ] + r n div7rn, div7rn) 

< (c(un-2)On-iOn-h) + K26{1n-2[ IL2(52) + IPn IL2 (Q) ] 

+ Tn2i2[ Oi ,Q2) + llpn-1 1L2 (Q2) + atP 1 L2(2) 

(4.16) 2+ Tni 
n- (L 2 (Q))d 

+ |& H(L2(52))d + llRi HL2(52) 

+ 11 i 
n 

(L2(Q1))d ] + Tn[ IlOnI |2( 2) + IIPnII22( 2) + 116tpnII2 

+ P Ln2 + H2 d L2())d + mnin( V p ||L2(52))d, Tni 11P|L(2) 

+ H nR1 L2(52) + IInL2(52))d + Tn diV&nII2(t2) ] } 

+ c5[Tni H VO1 (L2(f2))d + ||E H(L2(52))d) + Tf(H|Vd n L2 

+ HW n2 2( 2))d + TnHIdiV7 Ii22(S2)) ] 

Summing (4.16) from 1 to n, we get 
n 

IIn L2(Q2) + Trj[ (VOjHlL2(f2))d + HZE H(L2(52))d ] 
j=1 

(4.17) 2 
(1< K2 j lT j 12 L2(Q2) + min(h 2m, h2(m+) /T) 

j=l 

+ h2(k+l) + Th2k, + T-2} 
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for 1 < n < N. An application of the discrete Gronwall's lemma to (4.17) leads to 

110I2() + E Tj[ IIVOIIL2(2))d + 11H7Z IL2(S2))d 
(4.18) O<j<N 

< K28{min(h m, h2(m+l)/r) + h2(k+l) + 2} V I < n < N. 

We have proved the error estimate (4.18) under the inductive hypothesis (4.12). 
Now we check (4.12). We will prove by induction that (4.12) holds under condition 
(4.2). From the Sobolev embedding theorem [1] and the inverse property of the 
finite element space Shu it follows that 

(min(hU 2 jjVhIL2(Q2), 1VhIIH1(S2)), d = 1, 
( min(h- 

U 
VhIIL2(Q2),hU 2 IVhIIH1(2)), d= 2, 3, 

for each vh e Shu, where 0 < 61 << 0.5. We start from n = 1 to check (4.12). 
From (4.1) and (4.19) we see that when hu -+ 0 

110ILoo(Q2) < K3ohm 2 IUOIIHm+1(Q2) -O 0 (1 < d < 3), 

i.e., (4.12) is true for n = 1. Suppose that (4.12) is also true for each 1 < j < nr-1. 
Then 

(4.20) OIIL2(Q2) + T||VOII(L2(Q2))d < K31{min(hm, hm+1T-2 ) + hk + T}. 

Under the condition (4.2), we know from (4.19) and (4.20) that when hu, h,, T -O 0 

(421) ) min(hu2,T-)[hm+?hk+1 +T] * 0, d=1, 

lmin(hu2hu 2 7 I)[min(h, hm+1Tr- 2) + h+ +] 0 d = 2,3. 

This implies that IlonIILoo(Q2) -+ 0, so that (4.12) is also true for j = n. This shows 
that the inductive hypothesis (4.12) is true for each 0 < n < N, so that the error 
estimate (4.18) holds under the condition (4.2). (4.18) implies (4.3). F 

Theorem 4.2. Let (0tn, un) and (agn, un) be the solutions of (1.3) and Scheme 2, 
respectively. Suppose that uo = Qluo if m =1 and that the mesh parameters hu, 
ha and r satisfy the relations 

4d +21 (a) K*h1-61 < T < K*h4+62 (O < 61, 62 << -) 

(4.22) Tn - Tn-1 = 0(T ) for m = 1, 
d d 

(b) max(h k+1, /+hk1) = o(h 2), T = o(hu), 

where 0 < K* < K* are constants. Then the a priori error estimate 

MaX IlUn - UnII 1(,2) + E n - h In(L2( 2))d 
(4.23) O<n<N < N 

< K33{h2um + Th 2k + h2(k+1) + T4} 

holds, where the constant K33 depends only on T and some norms of the solution 
U. 
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Proof. It is clear that the solution (a'T, u) of (1.3) and the solution (a', u') of 
Scheme 2 satisfy an error equation 

Dn (ft 2; (,n _ hnx u n _ Uhn) (), V) 

I( 1 (C( )(un-1 un-1) 

(4.24) -rn div(n-1 n f1) + ?TnRn) c( n-)Vh ? 2 divwh) 

-2 -div 2 )2 ) Vhh _ un ) 

-2 ) (n1 h Xah+<(h 2 )V+ (h 2 

for each (Wh, Vh) e HhI X Shu and n = 1, 2, , N, where 

(a) Rn - (C(i4f ) - 
C(in- ))&tUn +f(i ) - f(j4 2) +f f n 

(4.25) (b) F2 = (A( h4) -A(- u))V?n l 

+(b(f 
n 

21)- u-2))n-2 +n 

Let 6Jn = (Q1U)n - Un, pn = - (Qlu)n, tm = - _ and n = -en_ again. 
From (4.24) we see that (7rn, on) satisfies the error equation 

Dn(i 2; (ihtm + 71 9 T) ()h, Vh)) 

( 1 h 2 )(n + p 

(4.26) - indiv(,n + tn-1) + rnk), C(in 41)Vh + 2r divWh) 

- n( (ii2)(fn +,n-1 +(iin 2 )( 1 + pn + p ) )-F2) 

+ v(On1 + pfl + ) +(i2n 2)Vvh + b( 2 )Vh) 

for each (W h, Vh) E Hh, X Shu and n = 1, 2, * , N. 
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Taking (h, Vh) = (7[fn + rn- 1 ,on + On-1) in (4.26), we get the equality 

(c(i1 2 )On, On) + 2Tn [ ( 2 ( n- ,n-I) 

+ (A (h 2)Von- Von- 2) 

c(ni 1)h(i - 1 _ 

+ (A4(fh 2 (hn 
- 

1)on-2~ b(iUh--2 )on--2)] 

+T2 ( -i1n- 2, iVrn -2) 

( (c 3 )fn1 fJn-1) 2T (fn-Jn1 i div22) 

+ ((C(Uh2 ~) _-(n )fn1fn1 

(4.27) - 4Tn(A(iC h 2>)fl-2 + Tn- () hTn ( I idvdi2X iv7- 

n(i- n-3 n- 

+ ( (c( 2)(p-1 _ 
2 

+ 
2 

( + 

c( h 2) 

+ TndiV i-2 n - n -F2) 

+ n- - +AC4(Uh 2 )Vpn 
P + b(h ) 2 )( 

-T (<(h 2 ) (fn+f - ,t- (n2)0- 

In order to estimate the terms in (4.27), we make an inductive hypothesis that for 
each n > 1 the uniform estimate 

(4.28) hu,him~ I Hi,wlooms2 = 0, V 0 ? ji <in, 

holds. Under the inductive hypothesis (4.28), we have the following estimates: 

- 1,divn)| + | (2(c(ih )--F 

(4.29) ? K34{ T?atOL2(S2) + T-1[ f1P 
2 22(SA) + IitPh +b2(i) h 

+ Tn-2 0tPn 12 2(,n )} + 6[ TmOtO II2(S) + Tbdiv1r 2 2L2(n) ], 
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Tn[ I( 1 (C(j 2~)8tpn n +-diV7rn-)I 
+ |(A(Uh 2)fi(U - R)n- 7r-2 +In- 2 + - 7r- h 2( ) 2 - 

+ I4(X 2 )E n + )n-2 1 n-1 n-)I 

(4.30) + I|(A(Uh2 )7En ,I 9Uh)n- U -, )I 

+ I(VAh T c,(ih 2 )O 2 ) ] + bI( 1 div2n,divf-A)I 

n- 1 (iin - c(i (iin 

_<K35{ Tn[ IIO0II|,2(Q?) + II&tP II2L2(S2) + iIP 2IL2 (2 

+ IIA II(L2(f))d + Tn-dIV +O2 IIL2(n) + 11R21nL2(D2) 

+ II2 II(2L2(h))d ] + Tn-1IO IIL2(h2)} + &r[ 117 h2 II(L2(S2))d 
+ ||1v0-2 II(L22(S2) )d + TnII1divlrf2 I L2(S2) ] , 

TnI (A(uh n- 2 v-n-2 1-n-2 ) +Vn-2 1(U 2 n- -2 

+ (A(ih2 )2 pn2 V2 +bV ) I 

l 2I n[ ((A(i277) - A(Un-))VPn V-- 
) 

+ ((A(Uh) - )A(u'))Vpn2 V9n- 2) 

+ (VpA (f(ih I) b(uh))f92) 

(4.31) + ((k(ih2) -b(un))pn VOnI) 

+ ((b(Uh2 )-b(u--'))pI', V 2dni) ] 

_ K170- f9-2 IT in 

< K36{ Tnt 11[ IIlOI2() + IIP 2 IIL2() + TnIIVPnII(L2(D))d ] 

+ TK351i [n11 | L2 (Q) + Tn-1 ( II&t IIL2(S2) + II0tP IIL2(1| ) 

+ IIVP nII(L2(D2))d ) ] + T2-2[ It0t2IIL2(D) + IIOtP IIL2(L2) ]} 

+ Tn IIVOTh2 II(L2 (d2))d d 

(4.32) |j(V,iTh, 27 )1 <? K37 min(II V1i 2 II2L2(t2))d IIr II L2(S1))d2 

IP 2 1IL2(S)d ||Idiv_ i 2 1I L2 (S2) ) 
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Substituting (4.29)-(4.32) into (4.27) and then summing (4.27) from 1 to n, we 
find that 

n 

L2() + > T[ V (L2 (Q))d + Hw a H(L2(Q))d 
j=1 

n 

(4.33) < K38{ Z [ 122() +TjOtOi ,2(S) ] +min(h2m,h 2m+l)/r) 
j=1 

n 

+ h (k+) +rThk1 +T2hm+T4 }+h + Z Tj toj 2(). 

j=1 

On the other hand, taking Wh 0 and Vh = on _ On-1 in (4.26), we get another 
equality: 

2Tn(C(Uh 2 )atOn, atOn) + (A(it 2 )Von, VonT) 

= (A(iih )VOn , Von-1) + ((A(i2 ) - -A(4( ))VO 2 , VO ) 

n 1 1 n 1 
- 2Tn[ (A (ii 2)Xtn + Von-2, b(j2 I ) atOn) 

(4-34) + ( A(th h)b( 2 )on-2 AC&n2 ) VAh t n + b(uh2 )ato9) 

+ ( 1 (C(iUh tn Rn- R2), C(Un2f )atOn) 

+ (A(~~~~~~~~~ ~~~~ ~,n(in-1O(bn + 
(- 2 ) 

+ (j4(Uh 2 -n2 U 2 lb On h (A(Uh 2 ((h 2 Pn 

"2F) + VP 2,nA(U2 2 )VOtOn + (h-2 )Oton)] 

Estimate the terms on the right-hand side of (4.34). Under the inductive hypothesis 
(4.28), the following estimates hold: 

I((A (h 2 )-A(hn 2 ))Von- 1 V01) 
(4.35) < K391{ Tn-l [|VO H(L2(S))d + 1HtP 1 L2(S)] + Tn-2 HtP HL2 ()} 

+ ;[Tn-i Haton IIL2(S) + Tn-2110to IIL2(Q) ] 

Since 

(A(Ah 2 )V-n-, VOton) + (VPn ,b(iU2i )OtOn) + (b(ft 2 )P n2, VOOn) 

1~ [((S4(i-2 ) - A4(Un))Vpn + (b ( ) )- -(U))Pn, vOn) 

+ ( (A(Uh ) - A(uni))Vpni + (b(h 2( ) b(Uni))Pn, V f9nt) 

+ (VPn, (b(i2i ) 2 b(un ))tOn) + (Vpn- I, (b(f2t ) 2 
b(Un1))OtOn)] 

+ A(pn2 , atOn), 
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and 

Tn((A(Uh2 A- (u2))Vp + (b(Uh - b(un))pn, Vaton) 

= ((A(ii-) )-A(un))Vpn + (b(2n-) b-b(un))pn, Von) 

-((A(ifih ) -A(u 1))Vp-1 

+ (b(i~h-) 
_ b(un-1))pn- 1 Von- 1) 

-rn (Ot (((A(ihn- 2- A(un))Vpn 

+((hn 2)- b(Un))pn), Von-1), 

it follows that 

n[(A(uh ))Vpn Vaton) + (Vin- b(jn- ,ton 

+ (b(iin-2 )n-2 1aon 

1 [( -n_2 -A(Un))Vpn + (b(i2n )- b(Un))Pn, VOn) 

+ ((A(i4-2 h -A(un'))Vp-1 + (b(Ah 2) _ b(Un ))Pn1 IVOn) 

(4.36) - ((A( h)- A(u 1))VP ' ? ( 2(ii -) _b(U N))pn', V0n1) 

- n((A(i) -A(Un2))VPn-2 + (b(in -b(Un-2))Pn-2, Von1)] 

+ K40{ Tn_t[ IIOn-1112 1(Q2) + Tn_1( lIatOn1II122(Q) + IIatp 1(2 

+ IIVP lII(L2(Q))d ) ] + Tn-2[ II HIIH1(S2) + Tn2( IIOtO 2IIL2(Q) 

+ IIOtP IU1(Q) ) ] + TQ[ IIP 2IL2(D) .+ Tn|lVP n lL2(Q))d ]} 
+ 6TThlItOI nfl) 

and 

,rn [ I (A (in Uh ? ) 
- 

1h2) (6Jn + 6Jn- 1) Ib(iun--2),qt 6n ) 

1 nn 
+( (Ci 

1 n (c(fh$ )&tpn _ R2), c(iihn- )) on) 

+~~~~ (( )n-,(un-1 -0on) I 
+ |((h?F,(Un?aa) 

(4.7) + IG(A(U2)b(i 2 )pn-,b(Un-2)OtOn)I 

+ I(A(ii n( ) )n-O b(h-2 o)It 

+ l(von-n nt 1n))aton)l 

? K41{ Tfn-1IIOf II l(D) + m[n IIOn|IIH1(5) ? lIWTn- 112(D) 

+ 1P-2 I2L2(n ) + Il0tP lIL2(Q) + In 2 -I(L2(Q))d 

+ IAR211L2(h) + lIf2 IInL2(m)d ]} + 6TnIl&tO IIL2(Q) 
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Similarly to (4.36), 

Tn[(F2,V tOT) -(b((i-)On-A2VOtOn)] 

< (F2 -b(Uhn 2 - )( 1 _b(U )On-3 Vn-3 n-1) 

(4.38) + K42 {Tn[ IL2(Q) + 11tE2 (L2(Q))d + HOtPH(L2(S2))d 

+ Tn-l [ 0 IH1() + 1atP 1(L2 (S)) d ] } + 62[ TnOtO1 2(S) 

+ Tn-1 ||9tO 1 IL2(S) + Tn-211|Oto IHL2(S2) ] 
Substituting (4.35)-(4.38) into (4.34) and then summing (4.34) from 1 to n, we 
derive the estimate 

E T L ||tO HIL2(S) + (VO IIL2(S2))d 
1<j<n 

() ?43{|0 ||11(S2) + IILnII2 

+ H Tj[ lOIHl(S) + 11 2 (L2(S2))d 

1<j<n 

+ min(h m, h2(m+ 1)/T) + h2(k+ ) + Th 21 + r 2hm + T4}. 

By applying the discrete Gronwall's lemma to (4.39), we have 

> Tll atO IIL2(Q) + IIVOIIL2())d 
1<j<n 

(4.40) ? K44{ 00 ||i1(5<) + 441 1102(S2) + jII TA[ 1?II2(S) 

+ I11-;2 (L2 (Q))d ] + min(hUm; hU /T) 

+ h 2(k+1) + Th2k1 + 4}. 

Substituting (4.40) into (4.33), we obtain for sufficiently small r the error estimate 

n 
+ L2j[ |VO 2I (L2(Q))d + (L2())d 

j=1 

(4.41) ? K45{11??||2HI(S) 00 Hl(Q ) + 
Z2L2(Q) + min(hum hujm+ )/T) 
j=1 

+ h2(k+1) + Th 2k + 4}. 

Applying the discrete Gronwall's lemma again, we have 

L2 + Q Tj[ IIVOj 2 (L2(Q))d 
+ _II_2 (L2(Q))d 

1<j<n 

(4.42) 

< K J {2(k+1) + Th2k1 + min(h2, hO/T) + T4 } (m =1), K46 { h2(k + Th 21 + h2+mT } (m > 2), 

for 1 < n < N. 
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We have proved (4.42) under the inductive hypothesis (4.28). Now we check 
(4.28). From (4.40) and (4.42) we see that 

(4 
n 112 1 

? K f 
h2(k+1) + Th2k1 + min(h , h4/T) + T4 } (m = 1) 

HIIH1() < { h2(k+1) + rh2kl + h2m + r4 } (m > 2). 

It follows from the inverse property of the finite element space Shu that 
_d 

(4.44) jVhjjW1,oo(U) < K48hUj |Vh11H1(Q), V Vh E Sh. 

Similarly to the proof of Theorem 4.1, it is easily proved by using (4.43) and (4.44) 
alternatingly that (4.28) holds under the condition (4.22). (4.42) leads to (4.23). El 

Theorem 4.3. Let (an, Un ) and (an, uhn) be the solutions of (1.3) and Scheme 3, 
respectively. Suppose that the mesh parameters hu, h, and T satisfy the relation 

d d 

(4.45) hk1 = o(h2 ), T = o(hi). 

Then the a priori error estimate 

max 11, _ nL()) max IlUn_ -UnL( 
(4.46) O<n<N O- -h11(L2())d + 

m<n<N NL2 

< K49{hki +hUm+l +T } 

holds, where the constant K49 depends only on T and some norms of the solution 
U. 

Proof. Let on = U- (Q,u)n, pn = (Q,u)n - Un, 7rn = an-_n and n = -n - n 

We only have to estimate the bounds of (7rn, on), which satisfies an error equation 

A (Un; (h O o - On1), (n, ofn _ on-1)) =Tn (A(uh ) 1r, ) 

- Tn[ (divirn 1,tOn) _ (A(u j1)wn1,b(f4n)aton) 

+ ( (c^n (fin h)OtPn + diven -R ), c(R4)OtO + divirn) 

- (A(U 1)wn1, (A(fn) - A(Un1))VOton)] 

- A(^ n4),n _ (un-1)6n-1 + (A(un-l)b(u nj1) j-(fhn)_(fLn)) n- 

(7 Fn, 7rn + TnA(Ufn)VOtOTn + Tn (UfLn)0tn) 

-(A(4n ) b(z4 )pn _ A(un-1 )b(un-1 )pn-1 + Tn (Uh)OtO ) 

-(TA (V-Thwh + ((( u -r n(iAn 
+ ( tP , ) + ((((A)(_4 -An))b(U(n-1)pn-1 4(f-n)Vat on) 

+r (V(at~ P b(T)) - h((ul h h(~)p1 VO h) + ((V,((in) - A(un))Vpn - (A (Vn) -, (Un-1))VPn-1 

+ (yfhn) )_b(Un) )n p-_ (bUn-1) )-b(U n-1 ) n- 1, vtoJn 

+ (VP pn (yfLn) _ b(Un ) )t fn) -VP n- 1 (_fn) )b(un-) ) ton) 

- AnT(atpn, attO )] }, 
where 

Fn = [ (A(un) - A(i4n))orn + (A(un)b(un) - A(i4n)b(i4))un 

(4.48) - ((A(un-1) _- (Un-1))n-1 

+ (A(Un-1) (Un1) - A(u n-1 )b(u1))U ) ]n/1 . 
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In order to estimate the terms in the error equation (4.48), we make an inductive 
hypothesis that for any n > 1 we have the uniform estimate 

d _d 

(4.49) lim [ 110JI3Loo() + max(h& , h- )[ |3(L2(Q))d ] = , V 0 < j < n. 
hu,ha,TrO 

It is clear that 

An(fnh; (n Jn _ fn-1) (7n fJn _ fn-1 ))-,rn (*(Un-1 )n-I tn 

Tnt 2[ (*A(i4n)T,n n) (A(n-1)wn-17,n-1)] 

+ Tn[ (C(f4n)at on, at on) + ( diVirn divirn)] 
c (i~d -d 

(4 50) + Tn2[ (A(f4n)Vatonh, Vat on) + (A(Ln4)b(n4)atOTn Ib (4n ) aton )] 

+ I[ (A(n) (A(inf 7-n A(un-1 )n- 1),A(in),n _ -(Un-1)n-1 
2 

+ ((A(it n1 )-(u n-1))n-1 Irn-1 

+((Uhn 1 )(fun) )-(Uhn-1 ) *(Uhn-1 )7Fn-1 7tn-1 ) + (A(uhj) (A(ih -A h)A h 

+ 2Tn (A(in1rtn + Tn Vto , b(U )atO )}n) 

(jA(u n1 ) (A(4n)) - A(Un1))(un-1 )n-1 n-I , 

+ |((n-1 1- (Uhn-1))tn-1 n-1)l + I((A(ifth -A h7 

(4.51) < K50( 1 + min(h-d, hd)11r711L2(12))d )[ Tn( 1F1r 1(L2(d 

+ lltpn-1H2(S) ) + Tn221tP n-2(2)1 ] 

+ 6;[ Tn 1t 1 2(S) + Tn2 11 t L2 (S2) 

Tn [I (Ai4h) T + TnVOtOTfJbQi )OtOfn) l+ h (A(U h1)1rn1 b(4 h)OtOJn) H 

(4.52) ? KS1{Tfl 1rK(L2(Q))d + Tfn -1 It (L2 ())d + T IlLtO I2(Q) } 

+ 6T7n[ llOtO9 IIL2(Q) + Tn(VtO KL2(S2))d 

We estimate the terms in the brackets on the right-hand side of the error equation 
(4.47): 

rn I n (C (c(n)Oat pn + diVen - R n)} C(f4n)OtOn + div n) 

( K52T7n [ atP |L2(Q) + IR1|L2(Q) + |Ild L2()] 

+6Tn[ b;n t HL2(Q) + Ildiv1r IL2(S) ], 

TnI(A(Un )1rn , (A (fn) - A(u 1))Voton) 

(4-54) < K53rn2-1{ min(h-dthP ) +(L2(Q))d( aTVtO IL2(Q) 

I 1L2(S2) ) + 1 T 11( L2 (S2)) d a T ,t (L2 1 1 d2 
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I(A(f,n),n _ A(un-l)1n-l + (A(un-1)b(un-) 

- (4n )b(4n ))9fln-1qf + TA(Ufn )VOtto + Tnb(U )OatOnh) 

+ (A(fn)b(4n)pn - A(un -)b(Un-1)pn 1,7n + Tnb(fn)aton)I 

+ n I((A4(Un -1)- _4,(fLn)) b (Un- 1)pn -1, 4(un) Vt )| 

+ l(Vpn, (_(un) -_ b(in))aton) - (Vpn-1, (b(un-1) _ -fLn))atonn 

+ 1((_(un) _-b(i)n)pThn- (b(un-1) - b(un-1 ) n)p-1 V on) 

(4.55) + 1((A (U) - A(i4n))Vpn - (A(un 1) - A(Uin))Vpn-1 Vaton) 

+ |(V tp ,f)| +TnAVOtp ,tO ) ] 

< K541{ r1[ Tn_1 aton L2 (S2) + latPn 1L2 (S) 

+ In1IH(L2(Q))d + IIP 11L2(Q) ] + TTnatO L2 (,2) 

+ |OtE HII(L2(S2))d + HOAtP HL2(S2) + IIE(L2(S2))d 

+ TnllVatPnIIL2( 2))d ]} + 6Trn at ot IIL2( 2) + TnIIVtOnL2(2)d 

+ |IdiV1r|II2() ]2 

Since 

IIE3 II(L2(S2))d 

< ||a (A(Un) - A(fin))/TnII(L2(Q))d 

+ llnS(u)(n - A(fit)b(u iT))/TnI j (L2(S2))'d 

+ I tIUn (A(Un )(Un) _(h) -) )(11 (Ln()) + 1149Un(S4Un)b(n)-S4Unh)bUhrnII(L2(S2))d 

(4.56) + II n- (,A(fLn) _ A(in-) 2 ()) d - 

+ I I U1(n4A(f)n)b(iin) - A(4nh) b(i)-((uL)_(u () 
-<49t h)(h h))II(L2(L2(52)d 

< Kss{Tn IUjj ||L2(S2) + 11n1 IL2(S2) + ||Pnl 1 L2(S2) 

+ Tn-i[ (tOn _AL2(fn) + tpUn 1) + _ |divUn1) lL2(S) 

+ ||diven 1 ||L2(S2) ]}h 

it follows that 

T l(Fn1rhn + TAb(Un1) V)OO + Tnb(Uh)OtOT) 

<-K56{ Th[ hw r 2L2(S))d + Tfl OtO IL2(S) + T(IUQI2() ] 

(4.) + T1[ IlUn HIL2(Q ) + IIn1 IIL2(S2) + Tn-1( lOtO HL2 

+1 _ diirLt I + IL2 tP(Q + lHdiv I I Jj2(1 ) ]} 
+ ITdiv n0- fIIL2(w + T1 VO0 IL2(S2))d ]. 
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Substituting (4.50)-(4.57) into the error equation (4.47) and summing it from 1 
to n, we get 

n 

117rn II( ) 
I 

+ ZTj[ IlOt ;Ojl2( 2) + Ildiv122 
j=1 

(4.58) < Ks7{ ZTi II1rHII(L2(Q))d + L13 HIL2(S) 
j=1 

+ h k1 + h2(m+l) + T2}. 

Applying the inequality 

n n 

(4.59) HOHL2(Q) ? | () +c5ZJIj&tOjIL2(Q7) +KS8ZTjlOjS 12(1 ) 
j=1 j=1 

to (4.58), we have the estimate 

n 

H~H(L2(~))d + 0 Hl2() + ZTj[ Hat0j a L2(Q) + ldiv7IIL (S 
j=l 

(4.60) ? K59{ ZTi IIZjL(L2(S2))d + 1H IL2(S2) ] 

j=l 

+ h<k1 + hEIm+l)+ r2 } 

By applying the discrete Gronwall's lemma to (4.60), we derive that 

(4.61) O<n<Nll IIL ( ) O<n__ 11 II ( )) 
< K6h {hk1 +2hml 1? + T}2. 

It is not difficult to check the inductive hypothesis (4.49). [1 

Finally, we consider the error estimate of Scheme 4. 

Theorem 4.4. Let (on, uT) and (ah, uh) be the solution of (1.3) and Scheme ~4, 
respectively. Suppose that the mesh parameters hu, ha and T satisfy the relation 

(4.62) hkl - o(h ), T = o(min(h4, huj2)) (m = 1), T = o(h4 ) (m ? 2). 

Then the a priori error estimate 

(4.63) O<naxNIl ah I (L2(Q))d + O<M<N IIU Uh IIL2(d 

K61 {h1 +khm+1+ +hjT2} 

holds, where the constant K65 depends only on T and some norms of the solution 
u. 
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Proof et f9 Uh-(QU)nX n = (Q,U)n _ u n 7r n = rn -n and gn = 'on _n Proof. Let O' = u - (Qlu)Th, p I=(Q1u)PhuTh h 
again. We only have to estimate (7rn, on), which satisfies the error equation 

1 C fn 1 7 T 
( l (c(in-2 )O7n + -ndiv(7fn + n-1)), C(in )Vh + -divLth) 

c(fih2 ) 2 2 

+ Tn (A(u ) (7rn + b(4n )9on) + Vo fnh + A(fin)Vvh + bQi4n)Vh) 

( 
1 

C(Uhn )V r2nVS + Tn (j(Un-1 ) (rn-1 + (Un-1)on-1 

1 - 
(4.64) + VO n1, I h + A(fin)Vvh + b(in )vh) + ( (C(Ui 2 )(pn-1 

p - TndivF 2 + TnR2 )C(uh )Vh + 2 diVw)h) 

+ Tn(A(Un1)(6n1 + b(Unj1)Pn1) - A(fn)(,n + b(fn)pnh) 

+TFn +V(p-1 - pn), h + A(f4n) VVh +_b(Uinh) 

where 

= [ (A(un) - A(fn))on + (A(un)b(un) A(fin)b(fin))un 

(4.65) - (A(un-1) _ A(un-1))on-1 _ (A(un1)b(u n) 

-A(u n-1)b(un-1))un-1 ]/Tn. 

First, by taking vh 0 and Lh = -n - 7n-1 in (4.64), we have the equality 

Tn (A(Ufn)Ot1rtrn, t7rn) + -( _ div7rn div7rn) h 
~~~~C(iin-) 

1 1~~~4 

= 4( n s div7r n-1 div7rn-1) 

1 1 1 i7n 1 i7n 1 
+ 4-(( (_ )1 - 

- 3 
)div r divdr ) 

(4.66) + ((A(Uhn 1) -_ (n))n-1 a n) 

+ (A(U 1)b(Un1)on1 -A(fin)b(fin)0n, Otr) 

+ Tn(A(Un- 1)(n- 1 + (un-1)pn-1) +Fn 

- A(fin)(,n + b(fin)pn) , Oatr ) 

1 ( n (dnv7,i -_R),div n). 

To estimate the terms in the error equation (4.66), we introduce an inductive 
hypothesis that for any n > 1, the uniform estimate 

(4.67) lim [IOj 1(2 ) + min(h& ,d h)(I h r-|d ( 2(5 + 11div7r j122(S2))] = 0 

holds for each 0 < j < n. 
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Under the inductive hypothesis (4.67), the following estimates hold: 

I(( _ n __ - ( r ,))divir- ,divir')l 

+ I((un-1)b(Un-1)On-1 -(fn)b(UL)On, 

+ (Uhn- 1 ) _ 4(fLn )) 1rn- 1 atrn ) I + I((A(u1 h ()w h tw) 

+ l(A(u-1)(n1 + (un-1)pn-1) _ A(i4n)(eTh + b(fn)pn) Ot7Tn)I. 

(4.68) < K62{[ 1 + min(h d, hod)(IIdivirn1 I2L2(Q) + 11 
n 

I(L2(1)d) 

* [ Tn( IlatOnIIL2(S) + lIOtP IIL2(Q) + Ilatn. II(L2(S))d ) + T~~i(110 L2 (Q) + lt0 L2 (Q) + IL2I~L(Q?)d 
+ T -( 110 n-1 112 2Q)+ 11 

- 
on-1 11 2 ()+ 

11 n-1112 

+ lIdiV n-21 I2(2) + IIPn- L2( ) + IIOtP IIL2(S) 
+ Ildive 11L2(Q) ) + Tn-2( 10t0 L2(S2) + llt9tPn L2(Q) 

+ lldivEn IIL2(Q) ) ]} + 6TnIlItI E (L2(Q))d, 

( 1 (dive 2- R2 divatZ[n) 

1 ( (divE--32_R2-1 ),div1rn-1 ) 
C _jn- 

C(2h 2) 

C4.)-( 1 (div g -R2 didr) 

+ K63 {Tn( IldivenlIK2(s2) + lldivOitenll22(fi) + IlIOtR2IIlL2(Q) ) 

+T-( 1lIO0) 1IL2(Q) + IIdivf1r IIL2(Q) + lOt P IIL2(Q) 
+ lldivE 1IL~2(Q) + ||i0E I2Q ) + mn-2( IIO0tS IIL2(Q) 
+ IIdivn-2l~2() + II0tP -ivL2(Q) + IIdiv diII2(Q) )} 

Since 

= a (A(u7~ )- A(fT) ) /T + uTh(A(uTh)b(uTh )-i(n)bu 

+ a C(A( ) )-A(u 1) 2 (A(z4h)- 

(4. 70 ) + uTh(A(ftm)bQitTh )-i(n-1)bU 

-((i4uh )b(i4h )- (u )b(Unh1 ) ) ) /T + (A(un-1)-( -1) - 

+ (A(un-l)b(un-1) -(Un,) u-))t 

it follows that 

+ lIP IIL2(Q) + didivn 1 1112L2(Q) + nIdiv( 1I 2n2 ) 
+ Tn-l( IIt 2II1L2(Q) + lP IIL2(Q) + IIdiv IItn-21Q) 

+ IIdiv IIL2(Q) )} + 6TIlvot1ren 11L2(Q))dT 
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Substituting (4.68)-(4.71) into (4.66) and summing it from 1 to n, we obtain the 
estimate 

> Tjjjt1rjjj' L2(Q))d + j1div1r' 112() 
1<jKn 

(4.72) < K65{ 1div1r 002 2(s2) + E Tj[ j1divzri?112(s) 
1<j<n 

+ 11tO I,L2(S) + LO2,2(Q) ] + h2(m+1) + hok1 + T4} 

Applying the inequality 

IIrII(L2(Q))d ? ILI(L2(Q))d +l6 l Tj 'It 1 (L2(Q))d 

(4-73) 1<j<n 

j 17rj 11 + K6 6 - il I(L2 (S)) d 
1<j<n 

to (4.72), we find that 

I1_II(L2(Q))d + |Idivfr IIL2(Q) + Z Tj IltWIIL2(Q))d 
1<j<n 

(4.74) ? K67{117E I(L2(Q))d + IIdivz IIL2(S2) + 3 Tj[ IIjII(L2(Q))d 
1<j<n 

+ 11-divrL2(Q) + HOt6 IIL2(Q) + |O3HL2(Q) ] + h2(m+1) + h2k1 + T4} 

On the other hand, taking Wh 0 and Vh = 6n_ -Jn- in (4.64), we have another 
equality: 

TU(C(Uh n 2 3 + T (A (U)Vn n, VOt3On) 

+ T2 (A(Uh )b(Un )otonI b (fin)04tOn) 

-=-Tn(C(Uh 2)Otnpn +divEn- - R th) 

- Tn (div1rTh 2, OTh) + Tn(7rn-1 VO9tOn) 

+ Tn[ (A(uh n1nr-1 (A (n) - A(Un1))VOton) 

+ (A4(unl)zn1n-1 - A(in4)>7rn Ib(Ln)aton) 

+ ((.A(u n-)b(unt1) - (Unh) +nb(iAJn 9T) 

(4.75) - 2Trn (Va fJn b(zh)OtOT) + (A(u h ) 1 h 

+ 'rnE4 , ) hVtOth + b( h)tO ) 

+ (A(uh )b(uh )P h h (zh)k(z)p, b(fi)htoTn) 

(Vn- 1, (b(in) - b(un-1))oton) - (Vpn, (b(fin) - b(Un))Oton) 

+ nj1 n-u~ 1)pnl l, (A(in) - (Unj1))VO-O~ + 
(A(Uh- ) b(uh- 

p- ( A (h )-(U A h Vton ) 

+ ((b(un1) - b(un-1))pn-1 _ (y(in - b(un ))pn , Vaton ) 

- Tn((A(Uin)- A(fn))V3 pn vton) 

+ ((A(un) - A(un-1))Vpn-1 VO3ton) 

- n(A(UAhn) - A(Un))Vat pn , VotOtn) + T,n (OtPnh, t3on)] 
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Estimate the terms on the right-hand side of (4.75): 

Tn [ I (C(~ 2 !)Otpn + divff 2- R n, 9ton) I 

+ 1(n1 Vaton)I +((Un1)n 1, (A(n)- n)A(Un-1))Vaton)I 
+ I(A(uV1)zi: I(A1 (A( ~fbz~OO h)I A 

+ |(A (Uhn 1)7rn 1 _ fiUn)wrn lb un),qton) I 

+((A(Un-1 )b(un-1) 
- 
i(jfn)b(jfn))o9n-1 A(in)VVTh + 

- 
(z4)OtO I 

+ 1ngA ) -4un)0S A A(nh to +n b()tn 

|((h )(h )p1h >(hn)(nP h(n) h 

+ TnI (VOtO n,(u )-b(ntO) I + I (A(u n)n1 e n -1 - A ftn) 

+ (A(un-l)b(un-)pn-1l, (A(ih) -A(uh )) V&tf9) I 
(4.76) + I((b(uVl) -b(un-1))pn1- -(b(uh) _-b(uTh))pn,VO9tOT)I 

+ T ((A(Ufn)- A(tn))VO pn, VqtOn)I 

+TI((A(Un-) - b(Un1)n - A(fin V0fJn) | +IT ( (tpn at o ) I] 

< K68{Tn-1[ IIOflIIL2(Q~) + H|div1TE-1IIL2(Q) + Il7TH(ll2( ] 

+ Tn[ Tn II&tOJII|,2(Q) + |IIT II(2L2(Q))d + IIdivzriil2(Q) 

+ Tn-i [ IIPn IIL2(Q) + To1) IVP +IIL2(Q))d + IbdiVUn IILo2(Q) I 

+ Ini [IIPnhI12(Q) + '7n-( VPpn1 (fiL2())d + II V&tpnIItL2 ) 

+ 1109tP 11L2(Q) + IIdivE IIL2(Q) + IIR2ItEL2(Q) 

+ TnhIf4 II(L2(Q))d + II&tfs II(L2(Q))d ]} 

h h;7 (A hl -t6 AI h2 (Q)n I nl 8oI L Q 

(4-76) +T1((A(Unh) - A(Un-1))Vpn-1 _VO fn)_ 
( 77) <~~ K69Th2mIIpn-lIIHm+1(Q) + 6TnIIVOtO II(L2(Q))d. 

Substituting (4.76) and (4.77) into (4.75) and summing it from 1 to n, we find that 

Z Tj[ I I( tIin AL2(U) + Tinl V&tOnTL2(n))d ] 

1?j?n 

(4.78) K K7T { - 3 n-1[ 1J2122Q ) + ll ll(L2(n))d + ldiv |L2 2(Q))d 

1<j?n 

+ h2(m+l) + mh2m + h2k1 + 4}L 

An application of (4.59) to (4.78) leads to 

llO'lTl2([) + n 3 T2ll&tl |ILn2(Q) 

(4.79) ? K71{ E -ri[ 1OjIL2(Q) + L ll(L2( 2))d + lldivdrtL l2 2(Q d 

1<j?n 

+ hT2(m+o) + hurn + hVka + 14}2 
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Substituting (4.79) into (4.74), we have the estimate 

r II IId(L2((Q))d + I 1diVzE IIL2(Q) 

< K72 {I 11i L2 (Q))d + Ildivr 011I2(Q) 

(4.80) + ~3 
i-j[ 1OJ1j12 () + IIdiv I112I2(Q) + || II(L2(2))d 

1?j?n 

+ h2(m+1) + Th2m + h2k, +Tr4}, 0 < n < N. 

(4.79) and (4.80) lead to 

IL2 () + II1 II(L2((Q))d + IIdiv7r 1IL2(Q) 

< K73{ 0011L (-) 
+ IIZE 

II(L2(Q))d + -IdivZ EL2(Q) 

(4.81) + z j[ 10jI12~ +11I7EjII(L2( )d jIdv 1I~2(~ (4.81) ~ ~~~ E [LA2 () + 1||(2L2 (Q)d 
+ II div7r |L2 (Q)] 

1?jUn 

+ h2(m+1) + Th2m + h2k, + T4}, 0 < n < N. 

Applying the discrete Gronwall's lemma to (4.81), we obtain the a priori error 

estimate 

(4.82) Illl22) + II1 II(L2(Q))d + IIdivz IIL2(Q) 

< K74{h2(m+1) + Th 2m + h2k + r} 4 V 0 < n < N. 

We have proved (4.82) under the inductive hypothesis (4.67). It is not difficult 

to check (4.67) under the condition (4.62). -1 

In the case 

(4.83) A(u) = a(x, t, u)A(x), a(x, t,Iu) > ao > 0, 

where A(x) is a symmetric positive definite matrix, we have a better error estimate. 

Theorem 4.5. Let (0, Un ) and (0, uhn) be the solutions of (1.3) and Scheme 4, 
respectively. Assume that the coefficient matrix A(u) has the form (4.83) and that 
the mesh parameters hu, hor and r satisfy the relation 

d d 

(4.84) h ki = 
o( h2 ), 7 = o(h4 ) 

Then the better error estimate 
m(4.85)7 o - PLhII(L2(Q))d + max hIu- _UhIL2(Q) 

(4.85) 0<n<N 0<n<N 

< K75{h 
k 

+ hm+1 +i 2 } 
holds, where the constant K75 depends only on T and some norms of the solution 
U. 

From Theorems 4.3 and 4.5 we derive two optimal error estimates. 

Corollary 4.1. Let (on , un ) and (,n , uhn) be the solutions of (1.3) and Scheme 3, 
respectively. Assume that the finite element space Hh, is one of the classical mixed 
elements with the index k1 = k + 1, such as Reviart- Thomas elements or Nedelec 
elements. Under the condition of Theorem 4.3, we have the optimal a priori error 
estimate 

(4.86) 0<n<N h- - 
(L2(Q))d + max hIu- _UhlL2(Q) 

< K76 {hk+1 + h'm+l +i}. 
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Corollary 4.2. Let (oJn, u') and (oh, u') be the solutions of (1.3) and Scheme 4, 
respectively. Assume that the finite element space Hh, is one of the classical mixed 
elements with the index k1 = k + 1, such as Reviart-Thomas elements or Nedelec 
elements. Under the condition of Theorem 4.4, we have the optimal a priori error 
estimate 

ma.87) o< n<N -h II(L2(Q))d + max |U- Uh ||L2() 
(4.87) 0<n<N 0 <n<N 

< K77{hk+1 + hm+l + + } 

To prove Theorem 4.5, we require the following lemmas. 

Lemma 4.1. Let G be a bounded domain in Rd, Pr(G) the polynomial function 
space of degree r on G, W C Pr, and ro = max{r; Pr C W}. a = (a,, , ad) is 
the d-dimensional index with lal = a, + a2 + * + ad and D' = -DO* d the 
partial differential operators. There exists a family of linearly independent bounded 
linear functionals { fi I defined on Hrl +1 (G) of the form 

(4.88) fi(v) = j J b,,iD'v dx, V v e Hrl+l(G), 1 < i < I, 
ro+1<jaj|<rj 

such that for each w E W, fi(w) = 0 (1 < i < I), and for each v E Hrl+l(G) 

(4.89) inf V - WIIHrl+l (G) < K78[ 3 IID 'vIL2(G) + 2 f2(v)2 ]2 

wIEj=rj +1 

where the constant K78 depends only on the domain G and r1. 

Proof. Let Q = (Pri\Pro)U{O}, V = WnQ, and let VL c Q be the orthogonal 
complement of the subspace V in Hrl +(G). It is clear that the space 

(4.90) Q' = {g; g(v) = E b( D 'v dx, Vba E R1, v E Hr1+1(G)} 
ro+1<j|a|<rj 

is the dual space of Q. It is also clear that there exists an orthogonal space decom- 
position Q' = V' ED VI' such that 

V' = span{fj} 
' > = {f; f (v) = Zfj(v), Vv E Hrl+l (G)} 

j= 

and 

VI = span{ffi }1 = {f; f (v) = fi (v), Vv E Hrl +1 (G) }, 
i=l 

where both {fj}jf1 and {fj}j_1 have the form (4.88) and satisfy fj(v) = 0 for each 
v E VL and 1 < j < J, and fi(v) = 0 for each v E V and 1 < i < I. From the 
equivalent norm theorem we can easily derive that 

J I 

|V||Hrj+1 (G) < K79[ 3 IIDV L2(G) + fj(V)12 + If(V)2 
(4.91) jcej=rj+J j=l i=l 

+ E l|DaVdX~~12 ]2 
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for each v E Hrl+l(G). It is obvious that for each v E Hrl+l(G) there exists a 
function w* E W such that fGD'(v - w*) dx = 0 for any 0 < jla < ro, and 
f3(v-w*) = O for 1 <j< J, and f3(w*) = O for I < i < I. Hence 

(4.92) iv - W*lHrl+l (G) < K80[ IID v L2(G) + 
I 

f2(v)2 ]2 
jaj=rj +1i= 

(4.92) leads to (4.89). -1 

Lemma 4.2. Let - be a standard element, W a standard finite element space of 
polynomial functions of degree less than or equal to r1 on -, and I a bounded 
linear interpolating operator from Hrl +1() onto W satisfying Iv = v- for each 
v E W. Assume that the partition Thu, the finite element space Sh, on Th, and the 
interpolating operator Ih from Hr1+l(Q) onto Sh, are generated from the standard 
element -, the standard space W and the operator I through use of the piecewise 
affine transformation (see [17]). Then the following super-approximate property 
holds for any (p E W' (Q): 

(4.93) I|(I-Ih)(%Vh)IH1(Q) < K81huIIpIIW1(Q) lVhIIH1(Q), V Vh E Sh", 

Proof. Let Fe be the affine transformation from an element L onto the standard 
element -, Vh = v a Fe for each v E W, and let ^h be a piecewise linear continuous 
interpolating function of p on Thu. It is clear that 

(I- Ih) (pVh) H1 (Q) 

< (I - Ih)((PhVh) H1 (Q) + |l (I - Ih)(((P - h)Vh) IH1l (Q) 
By Lemma 4.1 we have 

||I(I-Ih% (hVh) ||H1l(Q) 

< K82hdj2 , 11(I - I) (phvh) o Fa L2(e) 

QEThU, 

< K83hu E inf II(phVh) o Fe - v Hrl+1(0) 

(4.94) eEThe T EW 

< K84hu E [ E z ID((^Vh) L2 

oEThu, IjaI=rj+1 

+ E j SE bo,jD0((phvh) o Fj-') dx?12]. 
i=1 ero +1 <j|aj|<rj 

Noting that fJ Ero+l<jaj<rj ba,iD%v dX = 0 for each vi E W and that D%Vh = 0 
for lal = ri + 1 and each vh E Shu, we have 

S 8D uv (( h a) 
0 

L2 

Icej=rj+1 

Haj=ri+1 

? K86h2(rl+l)-d hJ12 11VhH 2 

? K87hu h0h lW1,0(e)IjVh iHl(e) 
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and 

j, Z ba,iD~((ph a FeL1Vh oFj) d-c2 
i= 1 erO + 1<jaj|<rj 

< K88 3 hI2IoId 11Ah11l2( ) HVh1,IaI-1(1 ) 

ro+1<jI1j<rj 

< K89h 4d h0h ||12 ) ||V. 112H e 

Hence (4.93) holds. -1 

Generally, the usual Co-elements used in engineering satisfy the conditions of 
Lemma 4.2, so that the super-convergent approximate property (4.93) holds. Now 
we can prove Theorem 4.5. 

Proof of Theorem 4.5. It is clear that in the proof of Theorem 4.4 only (4.77) needs 
to be changed. By Lemma 4.2 we have 

mnI((A(un) - A(un-1))Vpn-1 Vtaton)I 
? n2[ (AP 1p , V(Qta(u )Qton))I + I(AVpn-l, atonVata(uf)) ] 

? r2 [ (4vpn-ll V(I - Ih) (Ota(un)aton)) 

+ (Vpn-, b(un-1)(I -Ih)(Ota(un)atOn)) 

+ (b(Un1)Pn-1V(I- Ih)_(ta(Un)tOn)) 

+ A(pn-1, (I - Ih)( ta(Un)atO ))I 

(4.95) + I(VPn-1, b(Un-1) ta(Un)aton) I + I(b(U,-1)Pn-1, V(Ota(Un)atOo)n) I 

+ I(pfnl ,Qta(Un)at on)| + I(AVp 1,ato V0ta(Un))I] 

? K9oml 1{~1P ||2L2(Q) + (h2 + Tn 1)1VP 1I L2 ( }))d 

+ ;[ Ot||at| L2 (Q) + T? 11VOtO 11(L2(Q))d ]. 

< Kglrn 1[ h2(m+l) +,r4 ]llUn-1112 

+ ;[T 1at 1 L2 (Q) + n a1Vt 1 (L2 (Q))d] 

This finishes the proof of Theorem 4.5. -1 
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